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Abstract
In this paper several aspects of infinite simple locally finite groups of 1-type are considered. In the
first part, the classes of diagonal limits of finite alternating groups, of diagonal limits of finite direct
products of alternating groups, and of absolutely simple groups of 1-type are distinguished from each
other. In the second part, inductive systems of representations over fields of characteristic zero (which
are known to correspond to ideals in the group algebra) are studied in general for groups of 1-type.
The roles of primitive respectively imprimitive representations in inductive systems are investigated.
Moreover it is shown that in any proper inductive system the depths of the representations of certain
alternating subgroups are bounded.
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1. Introduction
A group G is said to be locally finite (LF), if every finite subset of G generates a finite
subgroup. Since every LF-group is the union of its finite subgroups, one can attempt to
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i.e., about their finite subgroups, and then by piecing together the local information into
a global picture. This approach seems to be quite promising, because the theory of finite
groups provides us with a powerful arsenal. However, it may not be easy to piece the
local information together. At this stage some typical tools from infinite group theory are
required. From the point of view of finite group theory, LF-groups provide a useful setting
to studying asymptotic questions about finite groups.
In recent years, simple LF-groups were a subject of intense investigations, particularly
because their theory is deeply intertwined with the theory of finite simple groups. Although
it is still unknown whether every infinite simple (i.s.) LF-group contains a non-abelian
finite simple subgroup, any such group G has a Kegel cover, i.e., there exists a set K =
{(Gi,Mi) | i ∈ I } such that
• the Gi are finite subgroups of G with union G,
• each (so-called Kegel kernel) Mi is a maximal normal subgroup of Gi , and
• for every finite subgroup F of G there exists some i ∈ I with F Gi and F ∩Mi = 1
(see [16, Section 6]). The latter condition implies that F embeds into the simple group
Gi/Mi . Therefore, in a certain sense, the group G is approximated by the finite simple
sections Gi/Mi , which are called the Kegel factors of the Kegel cover K. Unfortunately,
the Mi are oftenly an obstacle to a good understanding of the group G. It is much easier to
obtain information about the group when the Mi are trivial or in some sense well behaved.
Since its very beginning, the study of finite simple groups aimed to reach a complete
classification. While nothing similar seems to be possible for i.s. LF-groups, some partial
classification results are available. It was shown independently by several authors [1,2,
12,24], that the infinite simple groups of Lie type over locally finite fields are the only i.s.
LF-groups, which are linear (i.e., which act faithfully on a finite-dimensional vector space).
And J.I. Hall [9] could prove that the infinite alternating groups and the classical groups
on infinite-dimensional vector spaces over locally finite fields are precisely the non-linear
finitary i.s. LF-groups. (A group is said to be finitary, if it acts faithfully on a vector space
V in such a way that the fixed-point space of each of its elements has finite codimension
in V .) Finitary i.s. LF-groups are rather tame, because they are direct limits of finite simple
groups with respect to natural embeddings. But more savage animals are around. By the
work of S. Delcroix [4] and U. Meierfrankenfeld [19], we can at least distinguish the non-
finitary i.s. LF-groups into so-called groups of 1-type, of p-type (for some prime p), or of
∞-type. These classes are defined in terms of Kegel covers. For example, an i.s. LF-group
G is said to be a group of 1-type, if every Kegel cover of G contains an alternating Kegel
factor.
The easiest examples of i.s. LF-groups of 1-type are diagonal limits of finite alternating
groups (LA-groups), i.e., those direct limits of finite alternating groups with respect to
diagonal embeddings which do not yield an infinite alternating group. Here, an embedding
Alt(Ω1) → Alt(Ω2) is said to be diagonal, if every non-trivial orbit of Alt(Ω1) on Ω2 is
natural. Slightly more sophisticated examples can be obtained as limits of direct products of
alternating groups: An LDA-group shall be a non-alternating direct limit of direct products
Gi = Ai1 × · · · × Airi (i ∈ I ) of finite alternating groups Aik = Alt(Ωik) such that, for
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uncertain whether LDA= LA. In Section 2 we shall give a characterization of LDA-groups
which shows that the two classes in question are in fact different.
We shall then consider the structure of absolutely simple LF-groups of 1-type. Recall
that a group is said to be absolutely simple, if it admits no proper (generalized) series
in the sense of [23, Section 1.2]. Every absolutely simple group is of course simple, but
there exist groups of 1-type which are not absolutely simple [5]. In Section 3 we shall
characterize absolutely simple groups of 1-type in terms of particularly nice Kegel covers
(Theorem 3.2). This suggests that absolutely simple groups of 1-type are very similar to
LDA-groups. However, it will turn out that these two classes are still distinct (Theorem 3.3).
Next, we proceed to a different kind of problem. In [26], A.E. Zalesskiıˇ pointed out that
the two-sided ideals of the group algebra KG of a locally finite group G over any field
K are strongly related to so-called inductive systems of irreducible K-representations of
the finite subgroups of G (see Section 4). In the recent past this led to fruitful research
about the structure of the ideal lattice of group algebras of i.s. LF-groups G. Let K be a
field of characteristic zero. It was shown that the augmentation ideal is the only non-zero
proper ideal in KG, whenever G is non-alternating finitary over an infinite field, or of ∞-
or p-type for some prime p [13,15,17]. If G is non-alternating finitary over a finite field,
there are strong indications that the proper ideals in KG correspond to the G-invariant
submodules of finite codimension in the natural G-module [14,17]. And the ideals of the
group algebras of any infinite alternating group correspond to certain direct limits of Young
diagrams [7].
Therefore it essentially remains to consider groups of 1-type. For any LDA-group G,
the non-zero ideals in the complex group algebra CG form a descending chain of length ω
[18,25]. Apart from that, it is only known up to now, that the ideal lattice of KG contains at
least two non-zero proper ideals for any group G of 1-type and any field K of characteristic
zero [18]. It is completely uncertain whether there are always further ideals around. The
authors suspect that the answer to this question depends sensitively on the structure of the
Kegel kernels in a suitable Kegel cover.
In order to further analyze the situation, we embark on a general study of inductive
systems for groups G of 1-type in Sections 5 and 6. Our first major result here concerns the
role of primitive representations of the finite subgroups of G (Theorem 5.6). In particular it
will turn out that, whenever G is not an LDA-group, then any proper inductive system must
contain imprimitive representations for all subgroups in certain well-behaved local systems
(Corollary 5.7). Secondly, we shall show that for any proper inductive system of G, the
representations on certain alternating subgroups must have bounded depths (Theorem 6.3).
This constitutes a weak generalization to 1-type groups of the main result about LDA-
groups in [18, Section 4].
2. Direct limits of alternating groups
In this section we aim to elucidate the difference between LA-groups and LDA-groups.
To this end, let G be an infinite direct limit of direct products Gi = Ai1 ×· · ·×Airi (i ∈ I )
of finite alternating groups Aik = Alt(Ωik) such that, for all i < j in I , every non-trivial
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that for every i ∈ I there exists some pair (j, ) with i < j ∈ I such that Gi acts faithfully
on Ωj. After removing some indices from I we may therefore assume without loss that
|Ωj1|  9 for every j ∈ I . For any two pairs of indices (i, k), (j, ) with i < j , let µjik
denote the number of natural Aik-orbits on Ωj.
Theorem 2.1. Using the above notation, G ∈ LA if and only if for every i ∈ I there ex-
ists some i∗ > i in I such that, for any two k1, k2  ri , the ratios µjik1/µ
j
ik2
are constant
for all (j, ) with i∗ < j ∈ I and µjik2 = 0 (i.e., these ratios depend only on i, k1, k2).
Proof. Suppose first that G is a diagonal limit of alternating groups Bλ = Alt(∆λ) (λ ∈ Λ),
and consider a fixed i ∈ I . Then there exists some λ such that Gi  Bλ and |Gi |2 < |∆λ|.
Moreover, Bλ  Giλ for some iλ > i in I . We shall show now that the right choice of λ
ensures that every non-trivial Bλ-orbit on any Ωj (j > iλ) is natural.
Suppose that there exists j > iλ such that Ωj contains a Bλ-orbit of size greater than
|∆λ|. Since every Ai1-orbit in Ωj is trivial or natural, it then follows from [22, Theo-
rem 1.13] that Ai1 has a unique non-trivial orbit on ∆λ. Assume that this would happen
for arbitrary large λ. Then an ultraproduct argument would supply us with a permutation
representation for G in which Ai1 had finite degree. But simplicity of G would then force
G into a finitary permutation group. And this is impossible for the group G of 1-type.
So we can choose λ as desired, and let i∗ = iλ. For j > i∗, let γj be the number
of natural Bλ-orbits in Ωj. If κ1 respectively κ2 denotes the number of natural Aik1 -
respectively Aik2 -orbits in ∆λ, then clearly
µ
j
ik1
/µ
j
ik2
= κ1γj/κ2γj = κ1/κ2 for all j > i∗ with µjik2 = 0.
Conversely, let G be a group of 1-type satisfying the criterion stated in the theorem. We
shall show that every Gi is contained in an alternating subgroup of G. Fix some j > i
in I and assume without loss that Gi acts faithfully on Ωj1. Consider the direct product
H = Aj1 ×· · ·×Ajs of all those Aj, on which Gi acts non-trivially at all. By hypothesis,
the quotients qk = µjik /µji1 are independent of . Let Ω̂i be the disjoint union of qk copies
of the natural Aik-set Ωik , where k ranges from 1 to ri . There is a natural diagonal action
of Gi on Ω̂i , and in this way Gi embeds into Alt(Ω̂i). Now every Ωj contains precisely
µ
j
ik = qkµji1 copies of Ωik , and so we can think of Ωj as the disjoint union of µji1 copies
of Ω̂i in such a way that the embedding of Gi into H lifts to a diagonal embedding of
Alt(Ω̂i) into H . The image of Alt(Ω̂i) in G is the desired alternating subgroup.
G has a local system L of alternating subgroups now. From [5, Theorem 1.4], the lo-
cal system L can be pruned so that some finite subgroup F  G is contained in every
A ∈ L, without regular orbit on the natural A-set. Assume that G is not an LA-group. Then
every A ∈ L is contained in some B ∈ L in such a way that this inclusion is not a diag-
onal embedding. And so we can form an ascending chain of alternating groups An ∈ L
(n ∈ N) such that the inclusions An  An+1 are not diagonal. However, in this situation
[22, Theorem 1.7] asserts that A1 has a regular orbit on the natural An-set for some n. This
contradiction shows that G ∈LA. 
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not be written as a direct limit of alternating groups.
Example 2.2. Starting with two non-empty finite sets Ω11, Ω12, choose recursively finite
sets Ωi+1,1, Ωi+1,2 in such a way that |Ωi+1,1| = |Ωi1| + |Ωi2| and |Ωi+1,2| = 2|Ωi1| +
|Ωi2|. Let Gi = Ai1 × Ai2 where Aij = Alt(Ωij ). Clearly there are diagonal embeddings
Gi → Gi+1 such that Ai1 has one natural orbit on Ωi+1,1 and two natural orbits on Ωi+1,2,
while Ai2 has just one natural orbit on both Ωi+1,1 and Ωi+1,2. The direct limit G of the
groups Gi with respect to these embeddings is an LDA-group, which cannot be written as
a direct limit of alternating groups.
Proof. To simplify notation, we identify each Gi with its image in G. Let µkj be the
number of orbits of A1k on Ωj1. By solving some linear recurrence relation, it can be
shown that
µ1,j+1 = 12
((
1 + √2)j + (1 − √2)j ) and
µ2,j+1 = 1
2
√
2
((
1 + √2)j − (1 − √2)j ).
Let α = 1 + √2 and notice that 1 − √2 = −α−1. Therefore
µ1,j+1
µ2,j+1
= √2 α
2j + (−1)j
α2j + (−1)j+1 .
Because this quotient does not become constant for large j , Theorem 2.1 implies that G is
not a direct limit of alternating groups. 
3. Local systems and absolutely simple groups
A local system in an LF-group G is a family of finite subgroups in G, directed with
respect to inclusion, and with union G. For any treatment of an LF-group it is essential
to work with the most accessible local system. While some kinds of i.s. LF-groups have
very natural local systems (e.g., finitary groups, LDA-groups, or P. Hall’s universal LF-
group [10]), this is in general not the case for groups of 1-type. Nevertheless, S. Delcroix
and U. Meierfrankenfeld have established the tools to construct local systems with a rather
comprehensible structure in any group of 1-type.
A finite subgroup F of the i.s. LF-group G of 1-type is said to be non-regular, if there
exists a finite subgroup F ∗ in G containing F such that, whenever H is a finite subgroup
of G containing F ∗, and whenever H has an alternating quotient H/N = Alt(Ω), then
F has no regular orbit on Ω . By [5, Theorem 1.4], every group of 1-type has non-regular
subgroups. In the sequel, we shall always choose F ∗ so large, that it also satisfies [5,
Theorem 1.1].
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Choose finite subgroups K  L in G containing F ∗ such that u ∈ 〈vK〉 for all u,v ∈ F \{1}
and x ∈ 〈yL〉 for all x, y ∈ K \ {1}. Then the subgroups 〈FH 〉, where H ranges over any
directed set of finite subgroups of G containing L, form a local system in G with the
following three properties:
(1) 〈FH 〉 is the product of normal subgroups of the form (S wrΩ Alt(Ω))′ for suitable
finite groups S and finite sets Ω ,
(2) every proper normal subgroup of 〈FH 〉 has trivial intersection with some H -conjugate
of F , and
(3) every finite subgroup Y of G is contained in a finite subgroup Ŷ  G such that for
all finite H  G containing Ŷ , the group Y lies in 〈FH 〉, and every proper normal
subgroup of 〈FH 〉 has trivial intersection with some H -conjugate of Y .
Proof. Because G is simple, the subgroups K and L exist, and the normal closures 〈FH 〉
form a local system. Property (1) is given in [5, Theorem 1.1]. Suppose that M is a proper
normal subgroup in 〈FH 〉. Then some H -conjugate Fh of F is not contained in M , and
F ⊆ N = Mh−1  〈FH 〉.
Assume that F ∩N = 1. Then
K 
〈
FL
〉

〈
FH
〉
and F 
〈
(F ∩N)K 〉N.
This contradiction shows that Fh ∩M = 1.
Because G is simple, we can choose for any given finite Y  G finite subgroups
〈L,Y 〉  X  Ŷ of G such that 〈L,Y 〉  〈yX〉 for every y ∈ Y \ {1}, and such that
X  〈F Ŷ 〉. If Ŷ  H , and if M is a proper normal subgroup in 〈FH 〉, then some H -
conjugate N of M intersects F trivially, and the assumption 1 = y ∈ Y ∩ N would yield
the contradiction
F  〈yX〉 〈N 〈FH 〉〉N. 
We shall call the local systems given by Construction 3.1 wreathy. Obviously, every
member of a wreathy local system is a semidirect product in which the complement is a
direct product of alternating groups. We shall now describe absolutely simple groups of
1-type in terms of even nicer wreathy local systems.
Theorem 3.2. An i.s. LF-group G of 1-type is absolutely simple if and only if it has a local
system {Gi | i ∈ I } with the following properties:
(1) Every Gi is the direct product of subgroups of the form (S wrΩ Alt(Ω))′ for suitable
finite groups S and finite sets Ω , and
(2) for every i ∈ I there exists some j > i in I such that Gi has trivial intersection with
every proper normal subgroup of Gj .
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is not absolutely simple. Then there exists a non-trivial proper serial subgroup H in G,
and hence some i ∈ I such that H ∩Gi is a non-trivial proper subnormal subgroup of Gi .
Choose j > i as in (2). Then H ∩ Gi must have trivial intersection with the proper nor-
mal subgroup 〈(H ∩Gi)Gj 〉 of Gj . This contradiction shows that (2) implies absolute
simplicity of G.
Conversely, suppose that G is an absolutely simple group of 1-type. From [11, Sec-
tion 2.4] and [18, Proposition 5.1], the class of all absolutely simple groups of 1-type
is axiomatizable by a sentence in the infinitary language Lω1,ω. And so the theorem of
Löwenheim and Skolem (see [6, Theorem IX.2.4]) ensures that every countable subset of
G is contained in a countable absolutely simple subgroup of G of 1-type. We may therefore
assume that G is countable.
Let F be a non-regular subgroup in G. Choose F ∗  K  L as in Construction 3.1.
Let L = {Hi | i ∈ N} be an ascending chain of finite subgroups of G containing L, with
union G. Now [21, Theorem 1(b)] yields that, if we replace L by a suitable subchain
of itself, and if we define the groups Gi (i ∈ N) recursively via G1 = H1, and Gi+1 to
be the smallest subnormal subgroup in Hi+1 containing Hi , then G is still the union of
the subgroups Gi , and Gi has trivial intersection with every proper normal subgroup of
Gi+1. The latter condition implies immediately that 〈FGi 〉 = Gi for all i > 1. And so
Construction 3.1 ensures, that {Gi | i ∈ N} is a wreathy local system in G.
Let Gi be the product of normal subgroups Rij (1  j  ni) of the form
(Sij wrΩij Alt(Ωij ))′. Let Bij denote the base group of Rij . Consider any i > 1. Clearly
CGi (Rij /Bij ) is a proper normal subgroup in Gi , whence F has trivial intersection with
this centralizer. Therefore [5, Theorem 1.1] ensures that Gi is actually the direct product
of the normal subgroups Ri1, . . . ,Rini . 
Originally, we were trying to show that the LDA-groups are precisely the absolutely
simple LF-groups of 1-type. However, it will turn out now that this is not the case.
Theorem 3.3. There exists an absolutely simple LF-group of 1-type which is not in LDA.
Proof. Choose finite sets Ω1 and Ω2 in such a way that |Ω2| = 3|Ω1|, and consider
the groups G1 = C2 wrΩ1 Alt (Ω1) and G2 = C2 wrΩ2 Alt (Ω2). Let Ω2 = ∆1 ∪˙ ∆2 with|∆2| = |Ω1|. We may identify Ω1 with ∆2, and the natural G1-set C2 × Ω1 with ∆1. An
embedding
σ1 :G
′
1 → Alt (∆1)× Alt (∆2)Alt (Ω2)
of the commutator subgroup G′1 of G1 is then given by
gσ1 = (g, gπ) for all g ∈ G′1,
where π :G1 → Alt(Ω1) denotes the canonical projection of G1 onto its top group. The
base group of G2 has the G′1σ1-invariant decomposition F2Ω2 = F2∆1 ⊕F2∆2, and F2∆2
is the base group of G1. The mapδ1 :G1 → F2∆2  F2Ω2,
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base group of G1 is injective. We use δ1 to define the embedding
τ1 :G
′
1 → G′2 via gτ1 = gσ1 · gδ1 for every g ∈ G′1.
Note that τ1 maps G′1 “diagonally” into the subgroup
Alt(∆1)×
(
C2 wr∆2 Alt(∆2)
)′ ∼= Alt(∆1)×G′1
of G′2.
We shall now iterate the above construction to produce a direct limit of finite groups.
Choose finite sets Ωn+1 (n ∈ N) with the property |Ωn+1| = 3|Ωn| > 15, and embed each
G′n = (C2 wrΩn Alt(Ωn))′ into G′n+1 in the above fashion via τn = σn · δn. Let G be the
direct limit of the groups G′n with respect to these embeddings. The base group of G′n+1
is the unique maximal normal subgroup of G′n+1, and so G′n has trivial intersection with
every proper normal subgroup of G′n+1. Therefore G is an infinite absolutely simple LF-
group. It is easily seen that the embeddings G′n → G′n+1 are diagonal in the sense of [22,
Definition 1.5], whence G is a group of 1-type by [22, Theorem 1.7] and [5, Theorem 1.4].
Assume by way of contradiction, that G is an LDA-group. Then G′1 is contained in a
subgroup X = X1 ×· · ·×Xs G with Xj = Alt(Λj ) and |Λj | > |G1|2 for all j , and such
that G′1 has more than one non-trivial orbit on every Λj (see [18, Lemma 4.1]). Moreover,
X is contained in some G′n. Consider the action of X on Ωn arising from the canonical map
X ⊂ G′n π→ Alt(Ωn).
By construction, every Alt(Ω1)-orbit in Ωn is trivial or natural. Therefore [22, Theo-
rem 1.13] yields that every Alt(Λj )-orbit on Alt(Ωn) is trivial or natural.
Let Bn denote the base group of Gn = C2 wrΩn Alt(Ωn). Note that Y = Xπ =
Y1 × · · · × Ys with Yj = Xjπ ∼= Xj . We aim to show now that H1(Y,Bn) = 0. Clearly
Bn is a direct sum of Y1-modules Ni (i ∈ I ), which are trivial or natural. Then
H1(Y1,Bn) = ⊕i∈I H1(Y1,Ni) with Ni ∼= C2 or Ni ∼= F2Λ1 for each i. However,
H1(A,C2) = Hom(A,C2) = 0 for every finite simple alternating group A. In particu-
lar, H1(Y1,C2) = 0. Moreover, an application of Shapiro’s Lemma (see [8, Section 6.3])
implies that H1(Y1,F2Λ1) = H1((X1)λπ,C2) = 0 for any λ ∈ Λ1. Hence H1(Y1,Bn) = 0.
Next, let Z = Y1 × · · · × Ys−1. The fixed-point set BZn of Z in Bn is a direct sum of trivial
or natural Ys -modules, whence H1(Ys,BZn ) = 0 as before. Moreover, H1(Z,Bn) = 0 by
induction on the number of direct factors of Z. The extension 1 → Z → Y → Ys → 1
gives rise to the exact spectral sequence
0 → H1(Ys,BZn )→ H1(Y,Bn) → H1(Z,Bn)Ys .
It follows that H1(Y,Bn) = 0 too, as desired. In particular, the complements to Bn in BnY
form a conjugacy class, and so X is contained in Alt(Ωn)b for some b ∈ Bn. But then the
derivation δ = δ1 · · · δn−1 :G′1 → Bn associated to the complement G′1 in BnG′1 is inner.
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of Gn of the form Alt(∆1)× (C2 wr∆2 Alt(∆2)) ∼= Alt(∆1)×H , where Ωn = ∆1 ∪˙∆2 and
|∆2| = |Ω1|. Suppose that the inner derivation δ is induced by the element m = m1 +m2 ∈
Bn, with mi ∈ F2∆i . Since δ annihilates Alt(Ω1), the element m must centralize Alt(Ω1)τ .
Moreover, because the base group Bn is abelian, m2 centralizes (B1 ∩G′1)τ . We conclude
that [G′1τ,m] = [G′1τ,m1] ⊆ F2∆1, while [G′1τ,m] = G′1δ ⊆ F2∆2. It follows that δ is the
zero map. This contradiction to the injectivity of the restriction of δ to the base subgroup
of G′1 shows that G cannot be an LDA-group. 
4. Inductive systems and ideals
It is the purpose of this section to introduce and motivate the notion of inductive systems,
which we shall then study in Sections 5 and 6. In the long run we would like to derive
results about the (two-sided) ideals of the group algebra KG, where G is an i.s. LF-group
of 1-type. The ideal lattice has been determined completely for LDA-groups G [18]. In the
same paper we could also show that KG contains at least four ideals for any group G of
1-type. We have the feeling that the ideal lattice must be richer but are still unable to give
any evidence in this direction.
The problem can be approached by studying so-called inductive systems. Due to
A.E. Zalesskiıˇ, an inductive system for the LF-group G is a family Φ of sets ΦF (where F
ranges over the finite subgroups of G) such that
(1) each ΦF is a set of irreducible KF -representations (respectively -modules), and
(2) whenever E  F , then ΦE consists precisely of the irreducible KE-constituents of the
KF -representations (respectively -modules) from ΦF .
Obviously, Φ is completely determined by the sets ΦF , where F ranges over any local
system in G. Inductive systems are linked with ideals as follows.
Proposition 4.1 [26, Proposition 1.2]. Let G be any LF-group, and let K be a field of
characteristic zero. Then the inductive systems for G are in order reversing one-to-one
correspondence with the ideals in KG.
Here any ideal J corresponds to the inductive system Φ , where ΦF consists of the
irreducible KF -modules in KF/(J ∩KF) for every finite subgroup F of G. The inductive
system Φ is said to be proper, if there exists a finite subgroup F of G such that ΦF does not
contain every irreducible KF -representation or, equivalently, if the corresponding ideal J
is not the zero ideal. For later use, we record a technical detail, which follows immediately
from the above.
Lemma 4.2. Consider an inductive system Φ for the LF-group G. Then ΦFg = (ΦF )g for
every g ∈ G.
Proof. Let J be the ideal in KG corresponding to Φ . Conjugation with g transforms the
quotient KF/J ∩ KF into KFg/J ∩ KFg . 
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totic behaviour of primitive representations of subgroups in wreathy local systems. And in
Section 6 we shall bound the depths of the representations of alternating complements in
subgroups from wreathy local systems.
5. Asymptotic behaviour of primitive representations
Throughout this section, K will be an algebraically closed field of characteristic zero.
We need to go through some technical considerations first.
Lemma 5.1. Let F be a finite group. Suppose that M and N are non-zero KF -modules
such that N contains a copy of every irreducible KF -module. Then N ⊗M too contains a
copy of every irreducible KF -module.
Proof. Let ξ1, . . . , ξr be the irreducible K-characters of F , and let η =∑i ξi . Consider
the structure constants cijk , given by ξiξj = ∑k cijkξk . It follows as in [3, §32C] that
cijk = cj∗ki where (x)ξj∗ = (x−1)ξj for all x ∈ F . But then ∑i cijk =∑i cj∗ki > 0 for all
j, k. It follows that (ηξj , ξk) > 0 for all j, k. Hence η is a constituent of every ηξj . 
Lemma 5.2. Let V be a finite-dimensional regular symplectic GF(p)-vector space, and let
H be a subgroup of Sp(V ). If U is an H -submodule of V , then the isomorphism type of
the H -module V/U⊥ depends only on the isomorphism type of the H -module U .
Proof. Let (·,·) denote the symplectic form on V , and consider an H -monomorphism
ϕ :U → V with image W = Uϕ. Because V is regular, a GF(p)-isomorphism ψ :V/U⊥ →
V/W⊥ is uniquely determined via
(
uϕ,
(
U⊥ + v)ψ)= (u, v) for all u ∈ U,v ∈ V.
And the following equation in connection with regularity of V ensures that ψ is in fact an
H -isomorphism:
(
uhϕ,
(
U⊥ + v)ψh)= (uϕh, (U⊥ + v)ψh)= (uϕ, (U⊥ + v)ψ)
= (u, v) = (uh, vh) = (uhϕ, (U⊥ + vh)ψ)
for all u ∈ U, v ∈ V, h ∈ H . 
Lemma 5.3. The base subgroup of the permutational wreath product W = S wrΩ A of the
finite groups S and A = Alt(Ω) is a characteristic subgroup of W .
Proof. Let B∗ denote the image of the base subgroup B under an automorphism of W .
Assume that B∗ = B . Then W = B∗B . From [20, Lemma I.3.3], both B and B∗ contain
the derived subgroup B ′ of B . It follows that A ∼= W/B ∼= W/B∗ = B∗B/B∗ ∼= B/B∗ ∩B
is abelian, a contradiction. 
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GLK(V ), for some K-vector space V , satisfying
1σ = 1 and (xy)σ = xσ · yσ · (x, y)α for all x, y ∈ H,
where α :H × H → K× is a 2-cocycle or factor set. Two projective KH -representations
σ, τ with associated cocycles α,β are said to be equivalent if there is a function ρ :H →
K× such that
(x, y)α · (x, y)β−1 = (xy)ρ · xρ−1 · yρ−1 for all x, y ∈ H.
Let Z be the Schur multiplier of H , denote the universal central extension of H by H˜ ,
and identify H with a transversal of Z in H˜ . Modulo passing to an equivalent projective
representation, there exists a K-linear map λ :Z → K× satisfying α ◦ λ = α, and α lifts to
an ordinary KH˜ -representation α˜ via
(zx)˜α = zλ · xα for all z ∈ Z, x ∈ H.
Conversely, every ordinary KH˜ -representation restricts to a projective KH -representation.
In particular, every projective KH -module is a direct sum of irreducible projective KH -
submodules.
Lemma 5.4. Suppose that the finite group H contains a central product N of normal sub-
groups N1, . . . ,Nr H . Consider a projective KH -representation σ , whose restriction to
N is an irreducible ordinary representation. Then, up to equivalence, σ = σ1 ⊗· · ·⊗σr for
certain projective KH -representations σi , whose restriction to Ni are ordinary irreducible
representations. Moreover, for any h ∈ H and any i, if the element hσi acts on Vi as a
scalar, then [Ni,h] kerσ |N .
Proof. Because N is an image of the (outer) direct product of the groups Ni , we clearly
have σ |N = σ1 ⊗ · · · ⊗ σr for certain irreducible KNi -representations σi :Ni → GLK(Vi).
Note that σ |Ni is homogeneous. In particular, for any h ∈ H , the representation σhi of Ni
is equivalent to σi . So there exists some sh,i ∈ GLK(Vi) satisfying
(
xh
)
σi = (xσi)sh,i for all x ∈ Ni.
In the case when h ∈ Ni , we may of course choose sh,i = hσi . By Schur’s Lemma, the
mapping h → sh,i is a projective KH -representation, which coincides with σi on Ni . We
shall denote this representation by σi too. The two projective KH -representations σ and
τ = σ1 ⊗ · · · ⊗ σr are irreducible and restrict to the same ordinary irreducible representa-
tion of N . This shows that hσ · (hτ)−1 centralizes Nσ . And so Schur’s Lemma implies
that hσ · (hτ)−1 is a scalar for every h ∈ H . Hence σ and τ are equivalent projective
representations.
Suppose finally that hσi = sh,i acts like a scalar on Vi . Then [x,h]σi = 1 for every
x ∈ Ni , whence [Ni,h] kerσ |N . 
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sociated cocycles αi satisfy (x, y)α1 = (x, y)α−12 for all x, y ∈ H . Then the representation
σ1 ⊗ σ2 of H on V1 ⊗ V2, defined by
(v1 ⊗ v2)
(
h(σ1 ⊗ σ2)
)= v1(hσ1)⊗ v2(hσ2) for all vi ∈ Vi and all h ∈ H
is an ordinary representation. And if we define τi :H → GLK(Vi) via
hτ1 = hσ1 · hδ and hτ2 = hσ2 · (hδ)−1
for any function δ:H → K× satisfying (1)δ = 1, then it is readily seen that σ1 ⊗ σ2 =
τ1 ⊗ τ2. We shall make use of this remark in the next proof.
Before doing so, we need to define a particular function η :N → N. For any isomor-
phism type of finite group F , fix a finite set ΣF of faithful ordinary KF -representations
such that every faithful KF -representation contains one of them as a constituent. By
[3, Theorem 32.9] there exists some nF ∈ N such that the nF th tensor power of every
representation from ΣF contains every irreducible KF -module. Define η1 :N → N via
η1(ν) = max{nF | |F |  ν}. Next, fix a finite set ∆F of anti-scalar projective KF -
representations such that every anti-scalar projective KF -representation contains one of
them as a constituent (up to equivalence). Here, a projective representation is said to be
anti-scalar, if its image has trivial intersection with the scalars. Define η2 :N → N via
η2(ν) =∑|F |ν |∆F |. Finally, let η(ν) = ν · η1(ν)η2(ν). Note that the functions η1, η2
and η are increasing.
Proposition 5.5. Let K be an algebraically closed field of characteristic zero. Suppose
that N is a normal subgroup of the finite group H , and that ρ is a primitive ordinary
KH -representation with Nρ non-abelian. Assume further that Nρ is a central product of
F -invariant subgroups for some F H . Whenever there are at least η(|F |) factors in the
central product Nρ, on which the action of F is faithful, then ρ|F contains as constituents
all the ordinary irreducible KF -representations.
Proof. From passing to a suitable quotient of H we may assume without loss that the
kernel of ρ is trivial. Apply [3, Theorem 51.7] to decompose ρ = σ ⊗ τ with certain
irreducible projective KH -representations σ and τ such that τ |N is trivial and σ |N is
an irreducible ordinary KN -representation. σ |N inherits all the hypotheses made about
ρ|N in the statement of the proposition. In particular, N is a central product of certain
F -invariant subgroups N0, . . . ,Ns (s = η(|F |)), and F acts faithfully on N1, . . . ,Ns . De-
compose σ |NF = σ0 ⊗ · · · ⊗ σs as in Lemma 5.4 and note that σi |F is anti-scalar for
1 i  s.
Let ν = |F |. The definition of the function η ensures, that at least k = ν · η1(ν) of the
projective representations σi (1 i  s) contain (up to equivalence) a fixed anti-scalar pro-
jective KF -constituent λ. In particular, σ contains a projective KF -constituent of the form
σ0 ⊗ (λ⊗k)⊗µ, where µ is the tensor product of those σi , whose index i is not amongst the
k ones chosen above. By [3, Theorem 53.3], and by the remark made before the statement
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that the cocycle α associated to λ takes only values which are νth roots of unity. Now
(xy)λ⊗ν = (x)λ⊗ν · (y)λ⊗ν · (x, y)αν = (x)λ⊗ν · (y)λ⊗ν for all x, y ∈ F,
whence λ⊗ν is in fact a faithful ordinary KF -representation. By choice of the function η1,
and by Lemma 5.1, the KF -representation λ⊗k contains every ordinary irreducible KF -
representation. Now λ⊗k and σ0 ⊗ (λ⊗k) ⊗ µ ⊗ τ both are ordinary KF -representations,
whence σ0 ⊗µ⊗τ must be an ordinary KF -representation too. And so Lemma 5.1 implies
that all the ordinary irreducible KF -representations are amongst the constituents of ρ. 
We are now in a position to prove the main theorem of this section.
Theorem 5.6. Let K be an algebraically closed field of characteristic zero, and let G be
an i.s. LF-group of 1-type with a wreathy local system L. If Φ is a proper inductive system
such that ΦJ contains a primitive KJ -representation σJ for every J ∈ L, then there exists
a local subsystem L′ ⊆ L such that, for every J ∈ L′, the quotient J/kerσJ is a direct
product of alternating groups.
Proof. Adopt the notation introduced in Construction 3.1. By hypothesis there exists a
finite subgroup Y of G such that ΦY does not contain every irreducible KY -representation.
Consider the local subsystem L′ of all 〈FH 〉, where H ranges over the finite supergroups
of Ŷ (see 3.1(3)). The groups J = 〈FH 〉 ∈ L′ are products of normal subgroups of the form
W ′ where W = S wrΩ A with A = Alt(Ω).
For every J ∈ L′, let bars denote images modulo kerσJ , fix a normal subgroup NJ
in J which is minimal with respect to being non-abelian, and let ZJ = ζ(NJ ). Note at
this point that, by primitivity of σJ , every abelian normal subgroup of J is contained in
ζ(J ). Therefore ZJ  ζ(J ), and NJ/ZJ is a chief factor in J . The local system L′ can be
pruned in such a way that one and the same of the following two alternatives occurs for
every J ∈ L′:
(1) NJ is a central product of pairwise isomorphic quasi-simple groups, or
(2) NJ is a p-group for some prime p (which may still depend on J ).
Suppose first that (1) holds. Assume by way of contradiction, that there exists a local
subsystem L′′ ⊆ L′ such that NJ = J for every J ∈ L′′. From passing to suitable NG(J )-
conjugates of σJ and of NJ we may assume without loss that the permutation action πJ
of Y on the set of quasi-simple components of NJ is non-trivial. Since G is not finitary,
the degree of every non-trivial element in YπJ is unbounded as J ranges over L′′. Thus, if
η denotes the function used in Proposition 5.5, we can choose J ∈ L′′ so large that there
are at least η(|Y |) pairwise disjoint YπJ -invariant sets of components on which YπJ acts
faithfully. But now Proposition 5.5 implies that σJ must contain every irreducible KY -
representation as a constituent, a contradiction to our initial choice of Y .
It follows that the local system L′ can be pruned so that the perfect group J is a central
product of quasi-simple groups for every J ∈ L′. On the other hand, every J ∈ L′ is a
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quotient of such a derived subgroup, and hence of J too, is an alternating group. It follows
that J must be a direct product of alternating groups, as desired.
It remains to rule out case (2). To this end, assume by way of contradiction that (2) holds
for every J ∈ L′. Here NJ is nilpotent of class two, VJ = NJ/ZJ is an elementary-abelian
p-group, ZJ is cyclic of order p, and the commutator map
[·,·] :NJ ×NJ → ZJ ∼= GF(p)
can be interpreted as a J -invariant symplectic form on the GF(p)-vector space VJ . Since
NJ is non-abelian, and since VJ is an irreducible J -module, the symplectic form on VJ is
regular. From Clifford’s Theorem, every normal subgroup of J is completely reducible in
its action on VJ .
Suppose first that there exists a local subsystem L′′ ⊆ L′ such that VJ admits more
than one homogeneous MJ -component for some normal subgroup MJ in every J ∈ L′′.
Because J is perfect, the number of homogeneous components exceeds four. Since VJ is
an irreducible J -module, the irreducible MJ -submodules of VJ are either all regular or all
singular. In the regular case, the homogeneous MJ -components are pairwise orthogonal.
In the singular case, Lemma 5.2 leads to a pairing of homogeneous components, that is, we
can form 2-sets of homogeneous components in which one component complements the
orthogonal of the other component. The sums of paired components are pairwise orthogo-
nal regular subspaces in VJ . So in both cases there is a proper system of imprimitivity in
VJ with pairwise orthogonal blocks. The preimages in NJ of these blocks form a central
product whose factors are permuted under the action of J . And so we can argue as in case
(1) to reach a contradiction.
This contradiction shows that we can prune L′ so that VJ is a homogeneous module for
every normal subgroup of every J ∈ L′. Consider one of the wreath products W = S wrΩ A
with A = Alt(Ω), whose derived group is a normal factor of J as mentioned above. Be-
cause W ′ is perfect, it cannot stabilize a series in NJ . It follows that either [VJ ,W ′] = 0
or NJ = [NJ ,W ′]W ′. In the second case we shall now study the action of W ′ on VJ in
more detail.
The intersection of W ′ with the base group B of W contains B ′. From Lemma 5.3, the
base group B of W is characteristic in W . In particular, B ′ is a normal subgroup of J ,
which is the direct product of the derived subgroups of the base components Bω (ω ∈ Ω)
of W . Because NJ is contained in W ′, its section VJ must be J -isomorphic to a section
K/L of B . In particular, [K,B ′ω,B ′ν] Bω ∩Bν = 1 for any two distinct ω,ν ∈ Ω . On the
other hand, K/L is a homogeneous B ′-module, and [K,B ′ω] is a B ′-submodule with trivial
B ′ν -action for all ν = ω. This is only possible when B ′ acts trivially on K/L respectively
VJ . And so, B ∩ W ′ acts on K/L like [B,A]. The latter group consists of all elements in
B of trace zero and is generated by its elements with support of size two. Let ω,ν ∈ Ω be
distinct elements. As above [K/L, [B,A] ∩ (Bω ×Bν)] is a [B,A]-submodule of K/L on
which all those elements act trivially, whose support does not contain ω and ν. And since
K/L is a homogeneous [B,A]-module, this is only possible when B ∩ W ′ acts trivially
on VJ .
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rect product of alternating groups. Assume that there are two wreath products W1 and W2
whose derived groups are normal factors of VJ satisfying [W ′1,W ′2] = 1. Because VJ is
J -isomorphic to a section of each W ′i , both W ′i would act trivially on VJ then. This shows
that no two of the W ′ with non-trivial action on VJ can commute. In particular, it follows
from part (b) of [5, Theorem 1.1], that F and Y project non-trivially only into at most
one alternating group with non-trivial action on VJ . On the other hand, from passing to a
suitable NG(J )-conjugate of σJ we may assume without loss that CY (VJ ) is trivial, so that
Y projects non-trivially into precisely one alternating group A = Alt(Ω) with non-trivial
action on VJ .
We may assume now that the alternating group A is the top group of the wreath prod-
uct W , and that VJ is an elementary-abelian A-section of its base group B . But every
elementary-abelian A-section of B is W -isomorphic to a section of K/L for certain full
direct products L < K of B with elementary-abelian quotient. It is obvious that K/L is a
direct sum of copies of the natural permutation module FpΩ where Fp = GF(p). There-
fore we have one of the following two cases:
(i) p  |Ω| and VJ is a direct sum of copies of V = [FpΩ,A], or
(ii) p | |Ω| and VJ is a direct sum of copies of V = [FpΩ,A]/Fpδ, where δ denotes the
sum of the elements from Ω .
In addition, there is an A-invariant symplectic form (·,·) on V . And either all copies of V
in VJ are regular, or they are all singular. In the regular case, VJ is the orthogonal sum
of copies of V . Let V be one of them. Fix some σ0 ∈ Ω . The module V is generated by
the vectors vσ = σ − σ0 (σ0 = σ ∈ Ω). Because A acts 3-transitively on Ω , there exists
some c ∈ F×p such that (vσ , vτ ) = c for any two distinct σ and τ . Now 2c = 2(vσ , vτ ) =
(vσ + vτ , vσ + vτ ) = 0 implies p = 2 and c = 1.
Consider next what happens when the subspace V of VJ is singular. In this case V ⊥
is complemented in VJ by a singular A-subspace V ∗ ∼= V so that V ⊕ V ∗ is regular. Let
wσ ∈ V ∗ correspond to vσ ∈ V . Because A acts 3-transitively on Ω , there exist some c, d ∈
Fp such that (vσ ,wσ ) = d and (vσ ,wτ ) = c for any two distinct σ and τ . As above, 2d =
(vσ +wσ ,vσ +wσ ) = 0 and 2c = (vσ +wτ , vσ +wτ ) = 0 imply p = 2 and (c, d) = (0,0).
Assume that c = d = 1. Then the subspace of V ⊕ V ∗ generated by all sums of an even
number of elements vσ or an even number of elements wσ is a totally singular subspace
of codimension two in the regular space V ⊕ V ∗ of large dimension. This contradiction
shows that either c = 0 or d = 0.
Since G is not finitary, the degree on the natural A-set of every non-trivial element in Y
is unbounded as J ranges over L′′. Thus, if η denotes the function used in Proposition 5.5,
we can choose J ∈ L′′ so large that there are at least η(|Y |) pairwise disjoint Y -subsets
∆1, . . . ,∆m of even sizes in Ω , on which Y acts faithfully. We may assume also that
σ0 is not contained in any of the ∆i , and that there are further elements in Ω . In the
case of regular V , let Ui denote the subspace generated by {vσ | σ ∈ ∆i}; otherwise, let
Ui  V ⊕V ∗ be generated by {vσ ,wσ | σ ∈ ∆i}. The subspaces U1, . . . ,Um generate their
direct sum U in VJ , and every Ui as well as U itself is regular. We conclude that VJ
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orthogonal sum of Y -subspaces which are Y -isomorphic to the Ui .
Let R and S be the full preimages in NJ of U respectively U⊥. By definition of the
symplectic form, NJ is the central product of the Y -invariant subgroups R and S. In partic-
ular, R is a normal subgroup in NJ . The KJ -module X afforded by σJ is a homogeneous
KNJ -module, and hence the direct sum of irreducible K(RY )-submodules which are di-
rect sums of one and the same isomorphism type of irreducible KR-module. Moreover,
due to the above decomposition of U , the group R is a central product of m Y -invariant
subgroups on which Y acts faithfully. And so Proposition 5.5 leads to the conclusion that
all the ordinary irreducible KY -representations are amongst the constituents of σJ . This
final contradiction rules out case (2), as desired. 
It follows that the existence of many primitive representations in a proper inductive
system has striking consequences on the structure of i.s. LF-groups of 1-type.
Corollary 5.7. Let K be an algebraically closed field of characteristic zero, and let G
be an i.s. LF-group of 1-type with a wreathy local system L. Suppose that there exists a
proper inductive system Φ of K-representations such that the direct sum of the primitive
KH -representations in ΦH is faithful for every H ∈ L. Then G is an LDA-group.
Proof. From Theorem 5.6, there exists a local subsystem L′ ⊆ L such that every H ∈ L′
is a direct product of alternating groups. Recall that there exists a non-regular subgroup
F G such that every H ∈ L′ contains F ∗. Hence [15, Theorem 5.4] ensures that every
H ∈ L′ can be linked to a local subsystem of L′ consisting of groups K such that the
inclusion H K is a diagonal embedding. Since G is the direct limit of the groups in L′
and these inclusions, it follows that G is an LDA-group. 
6. Depths of representations of alternating complements
For the convenience of the reader, we recall some notions from [5] which will be used
in the sequel. Suppose that the finite group H has an alternating quotient H/N = Alt(Ω),
and that H acts on some set. An H -orbit Λ in the latter action is said to be Ω-essential, if
its pointwise stabilizer in H is contained in N . Moreover, Λ is called Ω-natural, if there
exists a system of imprimitivity ∆ in Λ such that the H -action on ∆ is similar to the natural
H -action on Ω . Such Ω-natural Λ is called Ω-block-natural, if the setwise stabilizer in
H of any block D ∈ ∆ equals H(D)N , where H(D) denotes the pointwise stabilizer in H
of D. Finally, H is said to act Ω-(block-)diagonally on a set if every Ω-essential H -orbit
is Ω-(block-)natural.
Proposition 6.1. Let Φ be a proper inductive system for the i.s. LF-group G of 1-type.
Then every wreathy local system in G contains a local subsystem L= {Gi | i ∈ I } with the
following property: For all i ∈ I there exists some i∗ > i in I such that for every j > i∗ in
I and every imprimitive representation in ΦGj with a system of imprimitivity Λ, the group
Gi∗ acts Ωi∗ -diagonally on Λ with respect to any alternating quotient Alt(Ωi∗) of Gi∗ .
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local system L= {Gi | i ∈ I }. Because the inductive system Φ is proper, we may assume
that F was chosen so large, that there exists an irreducible KF -representation which is
not a constituent of any representation in any ΦGi . Then, using Lemma 4.2, no NG(Gi)-
conjugate of F can have a regular orbit on any system of imprimitivity which occurs in
any imprimitive representation from any ΦGi .
Fix i now, and consider for every j  i an alternating quotient Gj/Nj = Alt(Ωj ) in
Gi satisfying F ∩ Nj = 1. From [5, Theorem 3.4] we may assume that for all j > i, the
group Gi embeds Ωi -block-diagonally into Gj . Because G is not finitary, the degree of
every non-trivial element from F on Ωj is unbounded with growing j . In particular, there
must exist some i∗ > i in I such that the number of Ωi -essential orbits in Ωi∗ exceeds any
given constant, for example |F |.
Consider a system Λ of imprimitivity for some imprimitive representation in ΦGj
(j > i∗), and suppose that there are Ωi∗ -essential Gi∗ -orbits in Λ. Note here that it is
sufficiently in general to look at this situation, because every maximal normal subgroup
in Gi∗ has trivial intersection with some NG(Gi∗)-conjugate of F . Now [5, Lemma 2.4]
yields that, in every Ωi -essential orbit in Λ, the action of Gi on the Ni -orbits is similar
to the action of Gi on the s-subsets of Ωi for some s < |F | (this s still depends on the
particular Gi -orbit in Λ). The same holds with i∗ in place of i. Therefore, the proof will
be completed by the following lemma. 
Lemma 6.2. Let G1  G2 be finite groups with alternating quotients Gi/Ni ∼= Alt(Ωi)
such that G1 acts Ω1-block-diagonally on Ω2 with at least t orbits which are Ω1-essential.
Suppose that G2 acts transitively on a set Λ such that
• G2 permutes the N2-orbits in Λ like the t-subsets in Ω2, and
• G1 permutes the N1-orbits in every Ω1-essential G1-orbit in Λ like the s-subsets of
Ω1 (where s depends on the particular G1-orbit).
If t < |Ω1|, then t = 1.
Proof. Consider the action of G2 on the set Λ∗ of N2-orbits in Λ. We shall show first that
G1 permutes the N1-orbits in every Ω1-essential G1-orbit Θ in Λ∗ like the s-subsets of Ω1
(where s depends on the particular G1-orbit Θ). To this end, let Σ be the set of N1-orbits
in Θ . Consider an element λ ∈ Λ which is contained in one of the N2-orbits from Θ . This
N2-orbit lies in some σ ∈ Σ . The corresponding point stabilizers satisfy (G1)λ  (G1)σ .
In particular, the G1-orbit Λ0 of λ in Λ is Ω1-essential. And so G1 permutes the N1-orbits
in Λ0 like the s-subsets in Ω1, that is, the stabilizer S of the N1-orbit containing λ is a
maximal subgroup in Alt(Ω1) = Alt(n) of type (Sym(s)× Sym(n− s))∩ Alt(n). But then
S = (G1)σ , and G1 acts on Σ like on the s-subsets of Ω1.
By hypothesis of the lemma, we may identify Λ∗ with the set of t-subsets of Ω2 in the
sequel. Let ∆1, . . . ,∆t be Ω1-essential orbits in Ω2. Because G1 acts Ω1-block-diagonally
on Ω2, the N1-blocks in each ∆k are permuted naturally by G1/N1 = Alt(Ω1). Choose
δk ∈ ∆k such that the N1-orbits σk in ∆k containing δk are pairwise non-equivalent under
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τ in Λ∗, and let T be the setwise stabilizer in G1 of Γ .
Because the δk lie in pairwise distinct Ω1-essential orbits in Ω2, the G1-orbit of τ in Λ∗
is Ω1-essential too. By the above, T/N1 is the stabilizer in Alt(Ω1) of an s-subset of Ω1,
hence a maximal subgroup in Alt(Ω1) = Alt(n) of type Alt(n)∩ (Sym(s)× Sym(n− s)).
On the other hand, because the δk lie in distinct G1-orbits in Ω2, the elements in T cannot
move the N1-orbits σk containing δk . And so T/N1 is contained in the pointwise stabilizer
of a t-subset in Ω1. Altogether, this is only possible when s = t = 1. 
Suppose that an LDA-group G is the diagonal limit of direct products Gi = Ai1 × · · ·×
Airi (i ∈ I ) of finite alternating groups Aik . For every proper inductive system Φ of G
there exists some n ∈ N such that, whenever αik are irreducible representations of the
groups Aik with αi1 ⊗ · · · ⊗ αiri ∈ ΦGi for some i, then the sum of the depths of the αik is
bounded by n [18, Theorem 4.8]. In order to generalize this to 1-type groups, we introduce
the following notation. Suppose that A is an alternating subgroup of the finite group H ,
and that σ is a representation of H over a field K. Then ∂A(σ ) shall denote the maximum
of the depths of the irreducible KA-constituents of σ .
Theorem 6.3. Let G be an i.s. LF-group of 1-type, and suppose that G admits a proper
inductive system Φ of representations over the algebraically closed field K of characteris-
tic zero. Let L be a wreathy local system in G. Then there exist a local subsystem L′ ⊆ L
and some n ∈ N such that ∂A(σ )  n for all H ∈ L′, all σ ∈ ΦH , and every alternating
subgroup AH which complements a maximal normal subgroup in H .
Proof. Let M denote the set of all triples (H,σ,A) where H ∈ L, σ ∈ ΦH , and A is an
alternating complement in H . Let P be the set of all (H,σ,A) ∈M with primitive σ .
Assume first that the values ∂A(σ ) are unbounded as (H,σ,A) ranges over a subset P ′ of
triples in P whose first entries H form a local subsystem L′ ⊆ L. Consider a fixed Y ∈ L.
From property 3.1(3) of the wreathy local system, L′ can be pruned so that every maximal
normal subgroup of every H ∈ L′ has trivial intersection with some NG(H)-conjugate
of Y . Then Lemma 4.2 allows us to replace σ and A in any (H,σ,A) ∈ P ′ by suitable
conjugates, so that Y ∩MH = 1 for a maximal normal subgroup MH in H , which contains
kerσ , and which is complemented by A in H .
Now Theorem 5.6 allows us to assume that H/kerσ is a direct product of alternating
groups for every (H,σ,A) ∈ P ′; amongst them A itself, since the ∂A(σ ) are unbounded.
And since G is not finitary, the degrees of every non-trivial element of Y on the natural
A-sets are unbounded as (H,σ,A) ranges over P ′. Therefore similar arguments as in the
proof of [18, Proposition 4.5] yield that there exists some (H,σ,A) ∈ P ′ such that every
irreducible KY -representation occurs as a constituent of σ with multiplicity  |Y |. In par-
ticular, the regular representation of Y is a constituent of σ . This holds for every Y ∈ L,
and so the inductive system Φ is improper.
Assume now that the values ∂A(σ ) are unbounded as (H,σ,A) ranges over an arbitrary
subset M′ of triples in M whose first entries H form a local subsystem L′ ⊆ L. We
can then choose M′ in such a way that the representation σ in each of these triples is
imprimitive. In this situation we shall prove the following assertion.
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normal subgroup N in H with alternating complement A. If there exists an imprimitive
representation σ ∈ ΦH with ∂A(σ ) |Y |, then every irreducible KY -representation is
a constituent of σ .
Because G has a wreathy local system, it follows immediately from () that the inductive
system Φ is improper.
Assume that () does not hold, and choose a finite subgroup Y of minimal order such
that () fails for any choice of H . Proposition 6.1 enables us to choose groups H  L in
L′ containing Y , and an imprimitive representation σ ∈ ΦL with the following properties:
• H has a maximal normal subgroup N with N ∩ Y = 1,
• N has an alternating complement A = Alt(Ω) with ∂A(σ ) |Y |, and
• H acts in such a way on a system of imprimitivity in the KL-module Θ afforded by σ
that there exists an Ω-natural H -orbit.
Let V be the subspace of Θ corresponding to this Ω-natural orbit. Let the N -invariant
subspaces V1, . . . , Vn of V correspond to the points in Ω . Then V = V1 ⊕ · · · ⊕Vn, where
|Ω| = n, and H permutes the Vi naturally. The stabilizer S in H of V1 takes the form
S = NB where B is the stabilizer in A of a single point from Ω . Thus
V ∼=KH V1 ⊗KS KH =
⊕
t∈T
V1 ⊗KB t
for a right transversal T of B in A.
Let W1, . . . ,Wr be the irreducible KB-components in V1. Clearly
V =
r⊕
i=1
Ui where Ui =
⊕
t∈T
Wi ⊗KB t = Wi ⊗KB KA for every i.
By choice of A there exists j such that Uj contains an irreducible KA-component of
depth  |Y |. Thus, from the Littlewood–Richardson rule, Wj must contain an irreducible
KA-component of depth  |Y | − 1. Because the non-trivial group Y must move some Vi ,
we may assume that the intersection X = Y ∩ S is a proper subgroup of Y . Hence, by
minimality of Y , every irreducible KX-representation is a constituent of Wj . But then Uj
contains every irreducible KY -representation, a contradiction. 
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